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Abstract—The DC optimal power flow is widely used in power
system operations because of its computational efficiency and
scalability. However, DC dispatches are not guaranteed to satisfy
the nonlinear AC power-flow equations or associated operational
limits. This paper develops a parameterized, differentiable AC
power-flow restoration method for mapping DC dispatches
to AC-consistent operating points. The method incorporates
distributed slack for active-power balancing and PV/PQ switching
for reactive-power regulation, both implemented using smooth
differentiable surrogates with tunable parameters, including slack
participation factors, voltage setpoints, and regulation steepness.
These parameters are trained offline by differentiating through
the AC restoration equations using the implicit function theorem.
Once trained, the optimized parameters are fixed and used directly
during AC power-flow recovery from DC dispatches. The approach
is evaluated on IEEE, ACTIVSg, and PEGASE test systems
using setpoints computed by standard DC optimal power flow.
Results show that the optimized restoration method improves AC
feasibility recovery across various systems relative to conventional
single-slack AC power-flow recovery. On the 9,241-bus case, the
optimized method improves cost difference by 80% relative to the
conventional recovery baseline and improves solving time relative
to ACOPF by 75%.

Index Terms—DCOPF, ACPF, Learnable Parameters, Differen-
tiable Optimization, Supervised Learning, Feasibility Restoration.

NOMENCLATURE

A. Parameters:

N Set of buses; N = {1, . . . , N}
E Set of lines (i, j); reverse direction (j, i)
G, L Set of generators and loads; G, L ⊆ N
r, b, g Line resistance, susceptance, conductance
Y Complex branch line admittance
Φ Line-Bus PTDF matrix, size E × N
smax
tx Apparent power transformer limit
imax
line Current flow line limit
pmin
g , pmax

g Active power generation limits
qmin
g , qmax

g Reactive power generation limits
vmin, vmax Voltage magnitude limits
ϵ Numerical convergence tolerance

B. Variables:

pg, qg Active and reactive power generation
sg Complex power generation; pg + j · qg

pd, qd Active and reactive power demand
θdc, θac Voltage angles from DC and AC models
ℓ Total active-power losses across network

I. INTRODUCTION

THE DC optimal power flow (DCOPF) problem is a
core computational tool in power system operations,

markets, and planning due to its tractability, scalability, and
economic alignment with time-critical decision-making [1]. The
DCOPF is valuable in settings requiring repeated solves across
large scenario sets, fast contingency screening, or integration
within learning loops [2]–[10]. However, DCOPF solutions
often violate the nonlinear AC power flow equations and/or
operational constraints such as voltage limits and reactive power
capabilities when these DCOPF setpoints are evaluated with
an AC power flow (ACPF) [1], [11]–[13]. To address this
challenge, this paper develops a structured learning approach
for AC feasibility restoration.

In standard ACPF restoration of DCOPF dispatches, con-
vergence and solve-time performance are strongly influenced
by how active- and reactive-power infeasibilities are handled.
Active-power imbalance is often resolved using a single-slack-
bus formulation, but such formulations can struggle to recover
AC feasibility from DCOPF approximations, often leading to
constraint violations or infeasible restored states [11], [12],
[14]. On the reactive-power side, iterative solvers typically
rely on discrete PV/PQ switching, which can incur excessive
outer-loop recalculations when generators reach reactive limits,
thereby increasing computational cost and creating numerical
convergence difficulties [15], [16].

Recent work has shown that both distributed slack and im-
proved reactive-power adjustments can substantially strengthen
AC restoration. In particular, our earlier work introduced a
structured DCOPF→ACPF restoration pipeline that incorpo-
rates distributed slack and PV/PQ switching directly within the
AC restoration step, and demonstrated that doing so materially
improves the recovery of AC-feasible operating points from
DC solutions [14]. More broadly, distributed-slack formulations
spread active-power imbalance across multiple generators,
helping to avoid individual generators from exceeding their
limits during restoration [17], [18], while homotopy methods
and smoothing of reactive-power curves can reduce Newton-
Raphson iterations by mitigating the repeated recalculations
caused by discrete PV/PQ switching [16], [19]–[21].

This paper builds directly on these structured restoration
frameworks. Rather than introducing new restoration policies,
it studies how the distributed-slack and PV/PQ policies can be
parameterized, smoothed, and learned to yield an even more
effective approach. This is important because the quality of the
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TABLE I: TUNABLE PARAMETERS IN THE PACR METHOD

Parameter (role) Interpretation

π (softplus steepness) Smooth headroom map for slack weights (h̃i)
ϕ (softmax temperature) Smooth participation-factor map (αi) from headroom
ψ†
s (sigmoid steepness) Smooth PV/PQ regulation / PV–PQ surrogate

ψt (tolerance band) Margin of reactive limits for stable switching
vsp†i (voltage setpoint) Tunable reference used in the PV/PQ surrogate

† The learned quantities are the voltage setpoints vsp and softmax temperature
ϕ influencing participation factors. Steepness parameters {π, ψs, ψt} are
selected from empirically stable intervals for robust Newton convergence.

Model 1: DC Optimal Power Flow (DCOPF)

min
∑
i∈G

(
c2,i p

2
g,i + c1,i pg,i + c0,i

)
(Cost Minimization) (1a)

s.t. pg,i − pd,i =
∑
j∈E

−→pj,i −
∑
j∈E

−→pi,j ∀i ∈ N (Balance Eqn.) (1b)

−→pi,j = bi,j(θ
dc
i − θdcj ) ∀(i, j) ∈ E (DC Flow) (1c)

|−→pi,j | ≤ pmax
i,j ∀(i, j) ∈ E (Line Limit) (1d)

pmin
g ≤ pdc

g ≤ pmax
g (Gen. Active Power) (1e)

Model 2: Parameter-Optimized ACPF Restoration (PACR)

Power Injection Mismatches:
∆pi = pdcg,i + αi · ℓ︸ ︷︷ ︸

smooth distributed slack

−pd,i

−
∑
j∈N

vivj(gi,j cos θi,j + bi,j sin θi,j) ∀i ∈ N (2a)

∆qi = qacg,i(vi)︸ ︷︷ ︸
smooth PV/PQ

−qd,i

−
∑
j∈N

vivj(gi,j sin θi,j − bi,j cos θi,j) ∀i ∈ N (2b)

Smooth Distributed Slack (Participation)∗:

h̃i =
1

π
ln(1 + eπ(p

max
g,i −pdc

g,i))− ln 2

π
∀i ∈ G (2c)

αi =
eϕh̃i∑
j∈G e

ϕh̃j
,

∑
i∈G

αi = 1 ∀i ∈ G (2d)

Smooth PV/PQ Control∗:
qmax
g,i ← qmax

g,i − ψt, qmin
g,i ← qmin

g,i + ψt︸ ︷︷ ︸
updated reactive-power limits

qacg,i = qmin
g,i +

qmax
g,i − qmin

g,i

1 + e
ψs(vi−v

sp
i )+ln

(
qmax
g,i

−q
sp
g,i

q
sp
g,i

−qmin
g,i

) ∀i ∈ G (2e)

Augmented Jacobian System: ∂∆p
∂θ

∂∆p
∂v

α
∂∆q
∂θ

∂∆q
∂v

0
0T 0T 0


︸ ︷︷ ︸

Jac

∆θ∆v
∆ℓ

 = −

∆p

∆q
ℓ

 (2f)

Convergence: ∥∆p∥∞, ∥∆q∥∞ < ϵ.

∗ PACR by default uses smooth surrogates for distributed slack and PV/PQ control, and
approaches the discrete logic of these controls [14], as smoothing is removed; see Fig. 2.

restoration outcome depends critically on parameter choices
such as participation factors and voltage setpoints, and poor

choices can lead to slow convergence or infeasible solutions [6],
[22], [23]. To address this challenge, this paper develops
a supervised learning framework that optimizes restoration
parameters offline using ACOPF solutions as ground truth.
Smoothing is introduced to make the restoration method
differentiable and the parameter-learning more tractable. In
summary, the paper’s main contributions are:

1) Developing a parameter-optimized ACPF restoration
(PACR) formulation with smooth approximations for distributed
slack (softplus headroom, softmax participation factors) and
reactive power regulation (sigmoid PV/PQ curves), replacing
discrete logic used in standard formulations.

2) Designing an implicit-function theorem-based parameter
learning approach for ACPF restoration, enabling gradient-
based optimization of parameters for differentiable correction
of DCOPF dispatches to AC feasible points.

3) Demonstrating the transferability of optimized restoration
parameters from the smooth differentiable ACPF formulation
to the discrete ACPF recovery framework, while showing that
the smooth formulation provides the strongest overall trade-off
between AC feasibility, dispatch accuracy, and computational
efficiency relative to the prior discrete framework [14].

The remainder of the paper is organized as follows. Section II
reveals the parameter-optimized AC restoration (PACR) method.
Section III describes the DCOPF→ACPF feasibility restoration
pipeline. Section IV reports the numerical results, and Section V
concludes and provides future research directions.

II. PARAMETERIZING THE ACPF RESTORATION METHOD

This section introduces the parameterized DCOPF→ACPF
restoration pipeline used in PACR. As shown in Fig. 1,
load inputs first define the DCOPF problem, whose solution
provides active-power dispatch and angle initializations for
AC restoration. A parameterized ACPF model then restores
the DC operating point to an AC-feasible state through two
internal regulation modules: distributed slack for active-power
balancing and PV/PQ regulation for reactive-power control. The
key idea is to parameterize these internal restoration policies,
so that the correction step itself becomes more effective and
differentiable. Figure 2 illustrates the corresponding smooth
surrogates, and Table I summarizes the PACR parameters used.

We emphasize that all learned parameters are internal to
the PACR method and are trained offline to improve the
DCOPF→ACPF correction. They do not modify operational
AGC participation factors, AVR setpoints, or other controls in
the actual system, nor do they model dynamic system response.
The discussion below follows the two main restoration modules
in turn: smooth distributed slack share for active-power
balancing, and smooth PV/PQ switching for reactive-power
and voltage control.

A. Distributed Slack for Active Power Balancing

The first lever in PACR is the distributed-slack mechanism
embedded in Model 2, which is initialized from the standard
DCOPF setpoints obtained from Model 1. As also illustrated by
the distributed-slack controls in the caption of Fig. 1, its role
is to absorb the active-power imbalance that appears when the
DCOPF dispatch is mapped into the nonlinear AC equations.
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Fig. 1: Load inputs (pd,qd) feed a DCOPF (DCBASE) via pd, producing DC setpoints zdc = (pdc
g ,θ

dc). These initialize the ACPF
that maps (pd,qd, zdc) 7→ xac = {(pac

g ,θ
ac), (qac

g ,v), iline}. The ACPF contains switchable regulation controls: 1) Distributed slack
control with parameters π (softplus headroom steepness) and ϕ (softmax participation temperature), and 2) PV/PQ regulation control with
ψ = {ψs,ψt,vsp} (sigmoid steepness, tolerance, and voltage setpoint). Both controls 1) & 2) are smooth (S) implementations, thus yielding
DCACSS, and replacing the discrete pipelines DCACDD [14]. Outputs are trained with supervised learning (SL), using ACOPF targets.

discrete

pmax
g,i − pdcg,i

h̃i

π1 < π2 < π3

(a) Discrete vs. softplus headroom (h̃i)

discrete

1

h̃i − h̃j

αi

ϕ1
< ϕ2

< ϕ3

(b) Discrete vs. softmax participation factor (αi)

vmin vmax

qmin
g,i

qmax
g,i discrete

vspi

qspg,i

ψt

ψt

vm

ψs1
< ψs2

< ψs3

(c) Discrete vs. sigmoid PV/PQ control curve

Fig. 2: Discrete vs. Smooth AC surrogates. (a) Softplus headroom for slack allocation, (b) softmax participation factors, and (c) differentiable
sigmoid PV/PQ control. Green denotes discrete baselines [14] and Red/Orange/Blue denote increasing smoothness. The smoothness
adjustments are tuned via (π, ϕ, ψs) and shaped by vsp (curve shift) and ψt (Q-limit tolerance before qmin

g,i /qmax
g,i limits engage).

Rather than assigning all imbalance to a single slack bus,
the restoration distributes this correction across generators
according to their available headroom [14], [17], [18]. Prior
work shows that headroom-aware slack allocation is effective
at reducing post-restoration active-power violations [14].

In the discrete setting, headroom and participation choices are
assigned through non-smooth logic. Model 2 replaces this with
a differentiable two-stage mapping. First, the softplus surrogate
in Fig. 2a computes smooth generator headroom h̃i through (2c).
Second, the softmax mapping in Fig. 2b converts these values
into normalized participation factors αi through (2d). The pa-
rameters π and ϕ control the sharpness of these approximations
and determine how closely the smooth model approaches the
corresponding discrete rule. These participation factors enter
directly into the active-power mismatch equations (2a) and the
augmented Jacobian system (2f), allowing slack allocation and
AC restoration to be solved simultaneously.

B. PV/PQ Switching for Reactive Power and Voltage Control

The second lever in PACR is the reactive-power regulation
mechanism in Model 2, again applied after the standard DCOPF
initialization from Model 1. This part of the restoration replaces
the conventional discrete PV/PQ switching rule used in previous
AC power flow pipelines [14]. In the standard formulation, a
generator remains in PV mode while it can regulate voltage

within its reactive limits, and switches to PQ mode once one of
those limits is reached. Although physically meaningful, this
rule introduces discontinuities into the restoration map, making
the ACPF harder to solve and unsuitable for gradient-based
training [16], [19], [20]. PACR replaces this discrete switching
rule with a smooth surrogate.

Figure 2c shows the transition from discrete PV/PQ switching
to a differentiable sigmoid-based PV/PQ control curve. Instead
of abruptly changing modes at qmin

g,i or qmax
g,i , the smooth

regulation in Model 2, given by (2e), creates a continuous rela-
tionship between voltage deviation and reactive-power response.
The steepness parameter ψs controls how sharply the sigmoid
approximates the discrete switch, ψt introduces a tolerance
band near the reactive limits to improve numerical robustness,
and the voltage setpoint vspi shifts the curve to define the
desired operating point. The logarithmic offset in (2e) ensures
that when vi = vspi , the reactive injection equals the desired
setpoint qspg,i, as shown in Appendix A. Embedding this smooth
PV/PQ relation into the reactive mismatch equations (2b) and
the augmented Jacobian system (2f) yields a tunable restoration
procedure compatible with Newton-based AC correction.

III. AC RESTORATION LEARNING ALGORITHM

The discussion below focuses on the optimization of the
DCOPF→ACPF restoration pipeline. In particular, we show
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Fig. 3: Flowchart of the algorithm, illustrating the offline training and
online implementation of the DCOPF→ACPF pipeline.

how the parameter-optimized ACPF restoration (PACR) model
can be trained to improve the differentiable correction of
DCOPF dispatches to AC-feasible operating points through
smooth distributed slack and smooth reactive-power regulation.
Fig. 3 summarizes the offline–online workflow, and Algorithm 1
outlines the corresponding parameter-optimization training
procedure. The two main ingredients here are the sensitiv-
ity analysis required to differentiate through the converged
augmented ACPF equations, and the supervised objective used
to train PACR parameters against ACOPF reference solutions.

A. Sensitivities of the DCOPF → ACPF Pipeline
The smooth PACR formulation enables gradient-based param-

eter optimization through the implicit function theorem (IFT).
Starting from a DCOPF initialization zdc and reactive demand
qd, the augmented ACPF system is solved with Newton–
Raphson using smooth distributed slack and smooth PV/PQ
switching. At convergence, the restored AC state:

xac = (pac
g ,θ

ac,qac
g ,v)

satisfies the following:

g(xac;π,ϕ,ψ) = 0,

where π governs the smooth headroom map, ϕ controls
participation factors, and ψ = {ψs,ψt,v

sp} defines the
smooth PV/PQ regulation, and includes voltage setpoints.

Because the converged solution is defined implicitly by the
augmented ACPF equations, its parameter sensitivities can be
computed from the converged Jacobian Jac in (2f). For any
parameter block ξ ∈ {π,ϕ,ψ},

∂xac

∂ξ
= −J−1

ac

∂g

∂ξ
. (3)

This reuses the same augmented Jacobian needed in the forward
solve and avoids explicit unrolling of all Newton iterations.
Additional derivations are given in Appendix B.

B. Optimizing the Parameterized ACPF Restoration Method

Parameter optimization requires careful loss function se-
lection to balance AC feasibility, DC consistency, and com-
putational efficiency. The DCACSS formulation serves as
the differentiable pipeline for computing optimal parameters
π⋆,ϕ⋆,ψ⋆ through Algorithm 1. Supervised learning is used
for training, with AC references (pref

g ,vref) obtained from
ACOPF solutions. The full-batch loss over D is:

L =
1

|D|
∑
D

[
wP

∥∥pac
g − pref

g

∥∥
1
+ wV

∥∥v − vref
∥∥
1

]
. (4)

The gradient-computation step in Algorithm 1 combines
the loss derivatives with the sensitivity analysis from (3),
enabling efficient parameter updates through Adam. The loss
function (4) is augmented with a reference regularization term
wreg

(
∥ψ −ψref∥22 + ∥π − πref∥22 + ∥ϕ− ϕref∥22

)
to prevent

overfitting and improve parameter stability. This term discour-
ages large deviations from nominal and stable smoothness
values rather than driving the parameters toward zero. For
evaluation, DCACBASE denotes the conventional single-slack
restoration baseline without regulation or parameter optimiza-
tion, while this paper’s DCACSS and the DCACDD [14] incor-
porate smooth and discrete distributed-slack/PV–PQ regulation,
respectively. Each method is tested with either unoptimized
parameters (init) or optimized parameters (opt), where the
latter are learned through Algorithm 1.

IV. NUMERICAL EXPERIMENTS AND DISCUSSIONS

The DCOPF→ACPF pipeline described in Section III-B
is evaluated through offline parameter optimization using
supervised learning. This section presents the computational
setup and results. Experiments were conducted on an IEEE
test case {ieee_118}, ACTIVSg networks {ACTIVSg_200,
ACTIVSg_500}, and PEGASE networks {pegase_1354,
pegase_2869, pegase_9241}. For each case, 5,000 per-
turbed loading scenarios were generated, yielding 30,000
total scenarios across the six systems; these were split into
4,000 training and 1,000 test samples per case. Computations
were carried out on the Darwin high-performance computing
system at Los Alamos National Laboratory, using single 24-
core compute nodes equipped with 32 GB RAM. ACOPF
and DCOPF were modeled using PowerModels.jl [24]
and solved using Ipopt [25], while the ACPF implementa-
tion was developed using pandapower.py [26]. ACOPF
was used as labeled targets for supervised learning. Active
power demands (pd) were perturbed using bounded Gaussian
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Algorithm 1: Adam Parameter Training using PACR1

Input: Training set D = {(pd,qd,p
ref
g ,vref)}

Fixed DCOPF map DC(·) producing zdc = (pdc
g ,θ

dc)
Initial parameters π1 = {π}, ϕ1 = {ϕ}, ψ1 = {ψs, ψt,vsp}
Voltage limits vmin,vmax, gen. limits pmin

g ,pmax
g

Output: Trained parameters π⋆,ϕ⋆,ψ⋆

Hyperparameters: Max iterations Niter; tolerance ϵ; Adam
stepsize η; moments β1, β2; weights
wP , wV , wreg

1 Initialize Adam moments mξ, sξ ← 0 for ξ ∈ {π,ϕ,ψ}
2 for j = 1, . . . , Niter do
3 Initialize full-batch tracking loss L ← 0

// 1) Full-Batch Forward Pass
4 foreach (pd,qd,p

ref
g ,vref) ∈ D do

5 (pdc
g ,θ

dc)← DCOPF
6 (pac

g ,q
ac
g ,v, i)← ACPFπj ,ϕj ,ψj

(pd,qd,p
dc
g ,θ

dc)

7 Lsc ← wP
∥∥pac

g − pref
g

∥∥
1
+ wV

∥∥v − vref
∥∥
1

8 L ← L+ Lsc // Scenario loss

// 2) Objective and Gradient Compute

9 J ← 1

|D|L+

wreg

(
∥πj − πref∥22 + ∥ϕj − ϕref∥22 + ∥ψj −ψref∥22

)
10 Compute sensitivities and full-batch gradients of J :
11 gπ = ∇πJ , gϕ = ∇ϕJ , gψ = ∇ψJ
12 if max{∥gπ∥∞, ∥gϕ∥∞, ∥gψ∥∞} < ϵ then
13 break // Convergence achieved

// 3) Adam Parameter Update
14 foreach ξ ∈ {π,ϕ,ψ} do
15 mξ ← β1mξ + (1− β1)gξ
16 sξ ← β2sξ + (1− β2)(gξ ⊙ gξ)
17 m̂ξ ←mξ/(1− βj1), ŝξ ← sξ/(1− βj2)

18 ξj+1 ← ξj − η
m̂ξ√

ŝξ + εadam

19 return π⋆ = πj , ϕ
⋆ = ϕj , ψ

⋆ = ψj

20 The optimized PACR parameters define DCACSSopt .

multiplicative noise, where the scaling factors were sampled
from N (1.0, (15%)2). Reactive power demands (qd) were then
recomputed from randomly sampled power factors in [0.95, 1.0].
ACOPF scenarios that failed to converge were excluded from
the training dataset. The convergence rate exceeded 90%
across all ACPF variants with DCACBASE as setpoints. For
computational efficiency, only voltage setpoints vsp for PV/PQ
regulation and the softmax temperature ϕ for distributed-slack
participation were optimized. The remaining smooth-control
parameters {π, ψs, ψt} were fixed to reference smoothing
values selected from preliminary sweeps to ensure robust
Newton-Raphson convergence. These reference values define
moderately smooth approximations of the discrete controls,
rather than serving as optimization variables. For example,
appropriate PV/PQ sigmoid steepness selection reduced ACPF
iterations from 35 to 4 on the pegase_1354 case.

Parameter optimization was performed using Adam from
scipy.optimize.minimize with box constraints: ϕ ∈
[50, 900] for the participation temperature and vsp ∈
[0.95, 1.05] for voltage setpoints. The regularization term
penalizes deviations from the stable reference smoothing values,
rather than driving the parameters toward zero. This discourages
unnecessarily steep or ill-conditioned smooth approximations

while allowing the optimized parameters to improve AC
feasibility restoration. Loss function weights were used to select
primary importance of generation dispatch and voltage profiles.
Gradients were computed using ACPF derivatives. To maximize
computational efficiency during optimization, the ACPF solver
leverages sparse Jacobian construction with scipy.sparse
CSC matrices, executing fast linear system updates via
scipy.sparse.linalg.spsolve. This interface utilizes
SuperLU, for large, nonsymmetric sparse systems via LU
decomposition. Optimized parameters were deployed in both
DCACSSopt and DCACDDopt variants to verify transferability of
the training method. These optimized pipelines were compared
against initial parameter values: voltage setpoints initialized
to 1.0 p.u. and the initial participation factors corresponding to
a single-slack allocation, with participation factor 1.0 assigned
to the designated slack bus and 0.0 assigned to other buses.
Newton-Raphson convergence tolerances was set to 10−6 p.u.
Mean absolute error (MAE) and cost difference (CD) are
accuracies relative to ACOPF (|G| is the number of generators):

MAE =
1

|G|
∥∥pg − pACOPF

g

∥∥
1
. (5)

CD =

∣∣CostDCAC − CostACOPF
∣∣

CostACOPF
· 100. (6)

A. AC Feasibility Restoration Assessment: Initialized versus
Optimized Smooth Pipelines ((DCACSSinit ) vs. (DCACSSopt )):

This subsection evaluates the effect of parameter optimization
within the smooth AC restoration pipeline. Specifically, the
initialized smooth pipeline, DCACSSinit is compared against
the optimized smooth pipeline, DCACSSopt , with DCACBASE

included as a conventional single-slack reference. The goal is to
assess whether the learned smooth distributed-slack and PV/PQ
regulation parameters improve AC feasibility restoration from
the lossless initialized pipeline, while maintaining favorable
cost, dispatch-error, and computational performance.

1) Constraint Violation Table Analysis: Table II compares
active-power, reactive-power, voltage-limit, and line-limit viola-
tions for DCACBASE, DCACSSinit , and DCACSSopt across 1,000
test samples. The single-slack baseline frequently leaves resid-
ual AC infeasibilities, especially reactive-power violations,with
average violation rates of 18.46%, 15.69%, and 14.74%
on pegase_1354, pegase_2869, and pegase_9241,
respectively. In contrast, both smooth pipelines eliminate active-
and reactive-power violations across all tested systems. The
optimized smooth pipeline further improves the remaining
feasibility behavior relative to the initialized smooth pipeline. It
removes the small line-limit violations observed for DCACSSinit

on ACTIVSg_500 and reduces the average voltage-violation
rates from 0.21% to 0.03% on pegase_2869 and from
3.75% to 2.61% on pegase_9241. Thus, parameter opti-
mization preserves major feasibility gains of the initialized
smooth pipeline while further reducing residual voltage and
line-limit violations in the more challenging cases.

2) Evaluation-Loss and Performance Table Analysis: Ta-
ble IV reports the evaluation loss (4) for the baseline and
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TABLE II: AVERAGE CONSTRAINT VIOLATION RATES AND MAXIMUM VIOLATION MAGNITUDES FOR DCACBASE , DCACSSINIT , AND

DCACSSOPT ACROSS 1,000 LOAD SAMPLES (USING DCBASE SETPOINTS)

Test case Method Active Power (p.u.) Reactive Power (p.u.) Voltage Limit (p.u.) Line Limit (%)
% viol. Max % viol. Max % viol. Max % viol. Max

ieee_118
DCACBASE 1.61 0.01 5.56 2.93 0.05 0.01 0.00 0.20
DCACSSinit 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00
DCACSSopt 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00

ACTIVSg_200
DCACBASE 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00
DCACSSinit 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00
DCACSSopt 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00

ACTIVSg_500
DCACBASE 0.00 0.00 8.03 0.06 0.00 0.00 0.00 0.00
DCACSSinit 0.00 0.00 0.00 0.00 0.00 0.00 0.03 0.71
DCACSSopt 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00

pegase_1354
DCACBASE 0.46 0.02 18.46 18.28 0.00 0.00 0.00 0.00
DCACSSinit 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00
DCACSSopt 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00

pegase_2869
DCACBASE 0.51 2.63 15.69 13.73 0.00 0.00 0.00 0.00
DCACSSinit 0.00 0.00 0.00 0.00 0.21 0.02 0.00 0.00
DCACSSopt 0.00 0.00 0.00 0.00 0.03 0.01 0.00 0.00

pegase_9241
DCACBASE 2.31 14.66 14.74 10.71 17.23 0.07 2.31 44.73
DCACSSinit 0.00 0.00 0.00 0.00 3.75 0.02 0.00 0.00
DCACSSopt 0.00 0.00 0.00 0.00 2.61 0.02 0.10 0.05

TABLE III: PERFORMANCE TABLE FOR DCACBASE , DCACSSINIT , AND DCACSSOPT ACROSS 1,000 SAMPLES (DCBASE SETPOINTS)

Test case Method Cost Diff. (%) MAE⋆ (p.u.) Iter. Count Solve Time (s)
val. %Improv. val. %Improv. val. %Improv. val. %Improv.

ieee_118
DCACBASE 1.488 +33.8 0.025 +8.0 4.0 — 0.073 —
DCACSSinit 0.993 +0.8 0.023 0.0 5.0 −8.0 0.269 +24.2
DCACSSopt 0.985 — 0.023 — 5.4 — 0.204 —

ACTIVSg_200
DCACBASE 0.035 — 0.003 0.0 2.0 — 0.065 —
DCACSSinit 0.524 −13.9 0.003 0.0 4.0 +25.0 0.258 +46.5
DCACSSopt 0.597 — 0.003 — 3.0 — 0.138 —

ACTIVSg_500
DCACBASE 1.383 +70.1 0.010 0.0 3.0 — 0.113 —
DCACSSinit 2.196 +81.2 0.010 0.0 3.4 +5.9 0.266 +15.4
DCACSSopt 0.413 — 0.010 — 3.2 — 0.225 —

pegase_1354
DCACBASE 0.394 +88.8 0.050 +20.0 4.0 — 0.361 —
DCACSSinit 0.333 +86.8 0.048 +16.7 4.8 +10.4 1.102 +19.9
DCACSSopt 0.044 — 0.040 — 4.3 — 0.883 —

pegase_2869
DCACBASE 0.458 +95.4 0.042 +28.6 4.0 — 0.915 —
DCACSSinit 0.387 +94.6 0.041 +26.8 5.3 +17.0 2.324 +19.8
DCACSSopt 0.021 — 0.030 — 4.4 — 1.865 —

pegase_9241
DCACBASE 0.631 +80.3 0.038 +34.2 3.0 — 3.389 —
DCACSSinit 0.510 +75.7 0.035 +28.6 7.1 +15.5 10.516 +25.3
DCACSSopt 0.124 — 0.025 — 6.0 — 7.860 —

The % Improv. report values relative to DCACSSopt for each metric. DCACSSopt uses optimized values for smooth distributed slack and smooth PV/PQ switching. The initialized
smooth pipeline, DCACSSinit , uses initial parameter values: voltage setpoints initialized to 1.0 p.u., with participation factor 1.0 assigned to the slack bus and 0.0 to all other buses.

TABLE IV: TEST LOSS VALUES ACROSS 1,000 SAMPLES
COMPARING DCACBASE , DCACSSINIT AND DCACSSOPT

(USING DCBASE SETPOINTS)

Test Case Evaluation Loss L
⋆DCACBASE ⋆DCACSSinit DCACSSopt

ieee_118 0.212 0.029 0.026

ACTIVSg_200 0.113 0.004 0.002

ACTIVSg_500 0.122 0.015 0.002

pegase_1354 0.131 0.001 0.002

pegase_2869 0.145 0.041 0.031

pegase_9241 0.254 0.042 0.025

⋆DCACBASE and ⋆DCACSSinit denote unoptimized pipelines; their losses are
evaluated using (4) upon ACPF convergence.

smooth pipelines. Compared with DCACSSinit , the optimized
smooth pipeline reduces the evaluation loss on most systems,
including ACTIVSg_200, ACTIVSg_500, pegase_2869,
and pegase_9241. For example, the loss decreases from
0.042 to 0.025 on pegase_9241 and from 0.041 to 0.031

on pegase_2869. The baseline produces much larger losses
across all cases, confirming that the smooth restoration structure
substantially improves recovery quality over conventional
single-slack ACPF. This is consistent with the findings in
[14]. Table III further shows that optimization improves cost
consistency, dispatch accuracy, and computational performance
on the larger systems. On pegase_1354, DCACSSopt reduces
the CD from 0.333% to 0.044% relative to DCACSSinit , while
reducing MAE from 0.048 to 0.040 p.u. On pegase_2869,
the cost difference decreases from 0.387% to 0.021% and
MAE reduces from 0.041 to 0.030 p.u. On pegase_9241,
the cost difference is lowered also, from 0.510% to 0.124%
and MAE follows that trend, from 0.035 to 0.025 p.u. The
optimized smooth pipeline also lowered average solve time
on these large cases. These results show that optimizing the
smooth restoration parameters improves both AC feasibility
restoration and ACOPF-tracking performance relative to the
initialized smooth pipeline, while remaining substantially better
than the single-slack baseline.
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TABLE V: AVERAGE CONSTRAINT VIOLATION RATES AND MAXIMUM VIOLATION MAGNITUDES FOR DCACBASE , DCACDDINIT , AND

DCACDDOPT ACROSS 1,000 LOAD SAMPLES (USING DCBASE SETPOINTS)

Test case Method Active Power (p.u.) Reactive Power (p.u.) Voltage Limit (p.u.) Line Limit (%)
% viol. Max % viol. Max % viol. Max % viol. Max

ieee_118
DCACBASE 1.61 0.01 5.56 2.93 0.05 0.01 0.00 0.20
DCACDDinit 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00
DCACDDopt 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00

ACTIVSg_200
DCACBASE 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00
DCACDDinit 0.00 0.00 0.00 0.00 0.07 0.03 0.00 0.00
DCACDDopt 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00

ACTIVSg_500
DCACBASE 0.00 0.00 8.03 0.06 0.00 0.00 0.00 0.00
DCACDDinit 0.00 0.00 0.00 0.00 0.00 0.00 0.16 1.46
DCACDDopt 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00

pegase_1354
DCACBASE 0.46 0.02 18.46 18.28 0.00 0.00 0.00 0.00
DCACDDinit 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00
DCACDDopt 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00

pegase_2869
DCACBASE 0.51 2.63 15.69 13.73 0.00 0.00 0.00 0.00
DCACDDinit 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00
DCACDDopt 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00

pegase_9241
DCACBASE 2.31 14.66 14.74 10.71 17.23 0.07 2.31 44.73
DCACDDinit 0.00 0.00 0.00 0.00 0.89 0.03 0.00 0.00
DCACDDopt 0.00 0.00 0.00 0.00 1.02 0.04 0.00 0.00

TABLE VI: PERFORMANCE TABLE FOR DCACBASE , DCACDDINIT [14], AND DCACDDOPT ACROSS 1,000 SAMPLES (DCBASE SETPOINTS)

Test case Method Cost Diff. (%) MAE⋆ (p.u.) Iter. Count Solve Time (s)
val. %Improv. val. %Improv. val. %Improv. val. %Improv.

ieee_118
DCACBASE 1.488 +31.0 0.025 +8.0 4.0 — 0.073 —
DCACDDinit 1.035 +0.8 0.023 0.0 6.2 −1.6 0.319 +1.3
DCACDDopt 1.027 — 0.023 — 6.3 — 0.315 —

ACTIVSg_200
DCACBASE 0.035 — 0.003 +33.3 2.0 — 0.065 —
DCACDDinit 0.522 −14.2 0.003 +33.3 4.0 −50.0 0.186 −14.5
DCACDDopt 0.596 — 0.002 — 6.0 — 0.213 —

ACTIVSg_500
DCACBASE 1.383 −27.4 0.010 0.0 3.0 — 0.113 —
DCACDDinit 0.160 — 0.010 0.0 4.1 −53.7 0.288 −30.6
DCACDDopt 1.762 — 0.010 — 6.3 — 0.376 —

pegase_1354
DCACBASE 0.394 +23.9 0.050 +6.0 4.0 — 0.361 —
DCACDDinit 0.354 +15.3 0.049 +4.1 9.7 +16.5 1.496 0.0
DCACDDopt 0.300 — 0.047 — 8.1 — 1.496 —

pegase_2869
DCACBASE 0.458 +36.0 0.042 +9.5 4.0 — 0.915 —
DCACDDinit 0.406 +27.8 0.041 +7.3 13.6 +25.0 4.168 +3.3
DCACDDopt 0.293 — 0.038 — 10.2 — 4.031 —

pegase_9241
DCACBASE 0.631 +17.4 0.038 +13.2 3.0 — 3.389 —
DCACDDinit 0.533 +2.3 0.036 +8.3 16.4 +6.7 15.410 +17.3
DCACDDopt 0.521 — 0.033 — 15.3 — 12.743 —

The % Improv. report values relative to DCACDDopt for each metric. DCACDDopt uses optimized values from DCACSSopt . See Section III-B. The initialized discrete pipeline,
DCACDDinit , uses initial parameter values: voltage setpoints initialized to 1.0 p.u., with participation factor 1.0 assigned to the slack bus and 0.0 to all other buses.

TABLE VII: SOLVE TIME OF OPTIMIZED DCAC VARIANTS

UNDER BASE CASE (USING DCBASE SETPOINTS)

Test case DCACSSopt (s) DCACDDopt (s) ACOPF(s)

ieee_118 0.20 0.21 (+4.8) 0.64 (+68.8)
ACTIVSg_200 0.16 0.20 (+20.0) 0.36 (+55.6)
ACTIVSg_500 0.24 0.32 (+25.0) 1.48 (+83.8)
pegase_1354 0.78 1.53 (+49.0) 2.79 (+72.0)
pegase_2869 1.92 3.76 (+48.9) 4.93 (+61.1)
pegase_9241 7.62 11.97 (+36.3) 30.28 (+74.8)

Parentheses show DCACSSopt solve-time % Improv. relative to that method.
DCACSSopt uses the smooth PACR approach, while DCACDDopt uses discrete mode.

B. AC Feasibility Restoration Assessment: Initialized versus
Optimized Discrete Pipelines ((DCACDDinit ) vs. (DCACDDopt )):

This subsection evaluates the effect of transferring the opti-
mized parameters learned from the smooth PACR formulation
to the corresponding discrete restoration pipeline. Specifically,
the initialized discrete pipeline, DCACDDinit [14], is compared
against the optimized discrete pipeline, DCACDDopt , with
DCACBASE included as a conventional single-slack reference.

This was done to assess whether the learned distributed-slack
participation factors and voltage-setpoint values improve AC
feasibility restoration in the discrete ACPF procedure relative
to the initialized discrete pipeline.

1) Constraint Violation Table Analysis: Table V reports con-
straint violations for DCACBASE, DCACDDinit , and DCACDDopt .
As in the smooth-pipeline comparison in Section IV-A, the
single-slack baseline leaves significant residual infeasibili-
ties, including reactive-power violation rates of 8.03% on
ACTIVSg_500 and 18.46% on pegase_1354. On the
largest case, pegase_9241, the baseline also produces
average active-power, voltage-limit, and line-limit violations.

Both discrete restoration pipelines substantially improve
feasibility relative to this baseline. The initialized discrete
pipeline already removes all active- and reactive-power vi-
olations, but small residual voltage or line-limit violations
remain on a few cases. The optimized discrete pipeline
improves several of these residual violations: it removes
the small voltage violation on ACTIVSg_200, removes the
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(a) Iteration count for pegase_1354 on 1,000 samples.
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(b) Iteration count for pegase_2869 on 1,000 samples.

Fig. 4: Iteration count comparison for the four DCAC variants under load uncertainty using 1,000 samples per case. (a) pegase_1354. (b)
pegase_2869. The compared methods are DCACSSopt (blue), DCACSSinit (green), DCACDDopt (orange), and DCACDDinit [14] (red).
The ‘opt’ variant uses parameters trained via Algorithm 1, and ‘init’ uses initial flat-start parameter values.
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(a) Cumulative plot of pg error for pegase_2869 on 1,000 samples.
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(b) Cumulative plot of pg error for pegase_9241 on 1,000 samples.

Fig. 5: Empirical cumulative distribution of active-power dispatch error, |pg − pACOPF
g |, using 1,000 samples per case. (a) pegase_2869.

(b) pegase_9241. The DCAC methods are DCACSSopt (blue), DCACSSinit (green), DCACDDopt (orange), and DCACDDinit [14] (red).
The ‘opt’ variant uses parameters trained via Algorithm 1, and ‘init’ uses initial flat-start parameter values.

line-limit violation on ACTIVSg_500, and achieves zero
violations on ieee_118, ACTIVSg_200, ACTIVSg_500,
pegase_1354, and pegase_2869. On pegase_9241, it
eliminates active-power, reactive-power, and line-limit viola-
tions, while leaving a small average voltage-violation rate
of 1.02%. These results show that the optimized parameters
learned in the smooth formulation transfer effectively to
the discrete restoration setting. This is important because
many existing ACPF tools use discrete PV/PQ switching
and distributed-slack logic; therefore, the learned parameters
can improve standard discrete recovery procedures without
requiring a fully differentiable solver implementation.

2) Performance Table Analysis: Table VI compares cost
difference, generator active-power MAE, iteration count, and
solve time for the baseline and discrete restoration pipelines.
The optimized discrete pipeline improves the restored operating
point relative to the initialized discrete pipeline on the larger
PEGASE systems. On pegase_1354, the cost difference
decreases from 0.354% to 0.300% and MAE decreases from
0.049 to 0.047 p.u. On pegase_9241, MAE decreases
from 0.036 to 0.033 p.u., while solve time is lowered from
15.410 s to 12.743 s. Relative to the single-slack baseline,
DCACDDopt provides stronger feasibility restoration and better

dispatch accuracy on the large cases. For pegase_2869,
it attains a 0.038 p.u. MAE and 0.293% cost difference,
compared with 0.042 p.u. and 0.458% for DCACBASE. For
pegase_9241, it achieves 0.033 p.u. MAE and 0.521%
cost difference, compared with 0.038 p.u. and 0.631% for
the baseline. Although the discrete restoration pipeline requires
more Newton iterations than the single-slack ACPF baseline, it
produces a much stronger AC feasibility recovery, confirming
that optimized distributed slack and voltage regulation improve
the quality of the restored AC operating point.

C. Complete Performance Comparison of Discrete and Smooth
DCAC Pipelines ((DCACDD ) vs. (DCACSS )):

This subsection directly compares the proposed smooth
restoration pipeline against the discrete restoration pipeline [14],
after parameter optimization. The purpose is to separate the
benefit of the learned parameters from the additional benefit of
using a smooth differentiable ACPF formulation. The results
show that although both optimized pipelines improve restoration
quality, as shown in Sections IV-A and IV-B, the smooth
pipeline achieves better accuracy, with substantially lower
computational effort than our former discrete framework [14].
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1) Optimized Pipeline Solve-Time Analysis: Table VII com-
pares the solve times of DCACSSopt , DCACDDopt , and ACOPF
across all test cases using DCBASE setpoints. The optimized
smooth pipeline is the fastest method in every case, with solve
times ranging from 0.16 s on ACTIVSg_200 to 7.62 s on
pegase_9241. Relative to the optimized discrete pipeline,
DCACSSopt reduces solve time by 4.8%–49.0%. Relative to
ACOPF, the reduction is larger, ranging from 55.6% to 83.8%.

This shows that the smooth formulation improves computa-
tional efficiency while preserving the speed advantage of DC-
based dispatch followed by AC feasibility restoration. The gains
over DCACDDopt suggest that avoiding discrete distributed-slack
and PV/PQ switching updates reduces the computational burden
of the restoration step.

2) Iteration Count Figure Analysis: Figures 4a and 4b com-
pare Newton iteration-count distributions for pegase_1354
and pegase_2869 across 1,000 load-uncertainty scenarios
using DCBASE setpoints. The optimized smooth pipeline
DCACSSopt concentrates most of its probability mass at the
lowest iteration counts, with mean values of approximately
4.3 and 4.4 iterations on pegase_1354 and pegase_2869,
respectively. The initialized smooth version DCACSSinit remains
competitive, with means of 4.8 and 5.3 iterations, indicat-
ing that the smooth formulation itself provides a favorable
numerical structure even before training. By contrast, the
discrete pipelines require substantially more iterations. On
pegase_1354, DCACDDopt and DCACDDinit average approxi-
mately 8.1 and 9.7 iterations, respectively. On pegase_2869,
the corresponding averages are approximately 10.2 and 13.6.

These results highlight a tradeoff between the two imple-
mentations. The smooth pipeline provides the best accuracy
and speed because it avoids outer-loop bus-type switching and
discontinuous PV/PQ updates [15], [16]. However, the discrete
pipeline is often more directly compatible with traditional
power-flow packages that implement PV/PQ switching and
distributed slack through discrete logic. The relatively small
degradation of DCACDDopt compared with DCACSSopt therefore
suggests that parameters optimized in the smooth formulation
can still be useful in standard discrete ACPF implementations.

3) Cumulative Error Plot Analysis: Figures 5a and 5b report
the empirical cumulative distributions of the generator active-
power dispatch error, |pg − pACOPF

g |, for pegase_2869
and pegase_9241. Near the 10−2 p.u. threshold, all vari-
ants show similar cumulative behavior. For pegase_2869,
DCACSSopt places approximately 81.9% of generator errors
below this threshold, compared with 81.8% for DCACDDopt

and about 81.6% for the initialization-based variants. For
pegase_9241, the optimized smooth pipeline again gives
the highest proportion, approximately 83.3%, while the other
methods remain close at about 83.0%.

The main separation appears in the right tail. On
pegase_2869, the worst-case error for DCACSSopt is approx-
imately 2.53 p.u., compared with roughly 2.97–3.17 p.u. for
the other variants. On pegase_9241, the optimized smooth
pipeline reaches a worst-case error of approximately 2.29 p.u.,
while the other variants lie between about 2.99 and 3.22 p.u.
Thus, the optimized smooth formulation does not only improve
average behavior; it also reduces the largest dispatch deviations,

which is important for robust restoration under load uncertainty.

V. CONCLUSION

This work develops a smooth, differentiable ACPF restora-
tion learning method (PACR) for mapping DCOPF dispatches
to AC-consistent operating points. The method replaces discrete
restoration logic in our previous work [14], with smooth
surrogates, including softmax-based distributed slack and
sigmoid PV/PQ regulation, allowing voltage setpoints and
slack-participation parameters to be optimized. Experiments
on IEEE, ACTIVSg, and PEGASE systems show that the
optimized pipelines improve AC feasibility, reduce Newton
iterations, and lower dispatch errors relative to conventional
single-slack ACPF recovery. The gains are strongest on large
PEGASE cases: the optimized smooth DCAC method reduces
cost difference by approximately 95% on the 2,869-bus case
and 80% on the 9,241-bus case, while solving the 9,241-bus
case about 75% faster than ACOPF. Overall, the optimized
smooth pipeline is the best-performing restoration method,
and its learned participation factors and voltage setpoints also
transfer effectively to the discrete DCAC pipeline [14].

Future work will extend the differentiable restoration method
to additional corrective controls, including transformer taps and
capacitor shunts, and will explore end-to-end self-supervised
training of the full DCOPF→ACPF pipeline. This direction
connects naturally with recent work on parameterized and
optimized DCOPF models [7], [8], [27], while posing a more
demanding learning problem: the DCOPF parameters must
be optimized not only for dispatch cost, but also for their
downstream effect on AC inequality constraint violations.
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APPENDIX A
Q–V SIGMOID CURVE AT VOLTAGE SETPOINT

This appendix verifies that the smooth Q–V regulation law
passes through the prescribed setpoint

(
vspi , q

sp
g,i

)
.

Claim: If vi = vspi , then qacg,i = qspg,i.
Proof: Let qmin

g,i < qspg,i < qmax
g,i and ψs > 0.

qacg,i = qmin
g,i +

qmax
g,i − qmin

g,i

1 + exp
(
ψs(vi − vspi ) + ln

qmax
g,i −qspg,i
qspg,i−qmin

g,i

) . (7)

At vi = vspi ,

qacg,i = qmin
g,i +

qmax
g,i − qmin

g,i

1 +
qmax
g,i −qspg,i
q
sp
g,i−q

min
g,i

= qmin
g,i + (qspg,i − q

min
g,i ) = qspg,i. (8)

Hence, the parameterized sigmoid passes through
(
vspi , q

sp
g,i

)
.

APPENDIX B
DIFFERENTIATING THROUGH THE AUGMENTED ACPF

This appendix provides the mathematical framework for
computing gradients through the augmented ACPF system to
enable parameter optimization via backpropagation.

Let the converged augmented ACPF solution be xac =
(θ,v, ℓ,pac

g ,q
ac
g ) and define the trainable parameters

ξ ≜ {πs, ϕs, ψs,v
sp}, (9)

where ψt is treated as a fixed (or bounded) parameter that
shifts effective reactive limits (see Model 2). For each scenario,
xac satisfies the implicit system

g(xac; ξ) =

∆p(xac; ξ)
∆q(xac; ξ)
ℓtot(xac)

 = 0. (10)

Given the full-batch objective:

J =
1

|D|
∑
D

[
wP

∥∥pac
g − pref

g

∥∥
1
+ wV

∥∥v − vref
∥∥
1

]
+R(ξ),

(11)
gradients are computed by implicit differentiation. Let Jac =
∂g/∂xac. For each scenario,

J⊤
acλ =

(
∂Lsc

∂xac

)⊤

,
∂J
∂ξ

= − 1

|D|
∑
D
λ⊤ ∂g

∂ξ
+
∂R
∂ξ

.

(12)

A. Where Parameters Enter the Mismatches

Parameters affect ∆p through smooth distributed slack pdcg,i+
αiℓ and affect ∆q through the smooth Q–V map qacg,i(vi):

∂∆pi
∂αi

= ℓ,
∂∆qi
∂ξ

=
∂qacg,i
∂ξ

.

B. Differentiable Building Blocks

a) Softplus headroom: Let ri = pmax
g,i − pdcg,i and h̃i =

1
πs

ln(1 + eπsri)− ln 2
πs

. Then

∂h̃i
∂ri

= σ(πsri), σ(u) =
1

1 + e−u
. (13)

b) Softmax participation.: αi =
eϕsh̃i∑

j∈G eϕsh̃j
implies

∂αi

∂ϕs
= αi

(
h̃i−

∑
j∈G

αj h̃j

)
,

∂αi

∂h̃k
= ϕs αi(I[i = k]−αk).

(14)
(Chain rule gives ∂αi/∂πs through h̃ if πs is trained.)

c) Sigmoid Q–V regulation: Let qacg,i = qeffmin,i +∆qeffi si

where si =
(
1 + eζi

)−1
and ζi = ψs(vi − vspi ) + (· · · ). The

(· · · ) term collects optional offsets (e.g., the log-offset enforcing
passage through (vspi , q

sp
g,i)) and is omitted here for brevity;

including it preserves differentiability and only adds chain-rule
terms (Model 2). Then si(1−si) provides compact derivatives:

∂qacg,i
∂ψs

= −∆qeffi si(1−si)(vi−vspi ),
∂qacg,i
∂vspi

= ∆qeffi ψs si(1−si).
(15)
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