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Abstract—Power distribution networks are increasingly host-
ing controllable and flexible distributed energy resources (DERs)
that, when aggregated, can provide ancillary support to trans-
mission systems. However, existing aggregation schemes often
ignore the ramping constraints of these DERs, which can render
them impractical in real deployments. This work proposes a
ramping-aware flexibility aggregation scheme, computed at the
transmission—distribution boundary, that explicitly accounts for
DER ramp limits and yields flexibility envelopes that are provably
disaggregable. To further enhance the attainable flexibility region,
we introduce a novel “pre-ramping” strategy, which proactively
adjusts resource operating points to enlarge the aggregated
flexibility envelope while preserving both network feasibility and
disaggregation guarantees. The proposed method demonstrates a
5.2% to 19.2% improvement in flexibility relative to the baseline
model, depending on system conditions. We validate the scheme
on an IEEE-33 bus distribution system and provide formal proofs
showing that both aggregation strategies are disaggregable for all
feasible trajectories within the aggregate flexibility envelope.

Index Terms—Aggregate flexibility, ramping limits, distributed
energy resources, flexibility envelopes, distribution networks

NOMENCLATURE

Notation: Superscripts A and V denote variables associated
with the upper and lower envelope trajectories, respectively.
The superscript “eo” indicates quantities evaluated at the pre-
ramped operating point.

Indices:

teT
geqg
eec&

Time index.

Generator index.

Energy storage system (ESS) index.
n € N' Node index.

¢ e L Line index.

s Envelope index, s € {A, V}.

Parameters:

At Duration of a time step.

Pgm%“, P Active power limits of generator g.

Reactive power limits of generator g.

R} Ramp-up/down limits of generator g per time
' step.

Maximum charging/discharging power output
of ESS e.

State-of-charge (SoC) limits of ESS e.
Initial SoC of ESS e.

min max
E¢ o, E?
init
EY
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P;“it Initial active power output of generator g.

Ke Energy efficiency factor of ESS e.

pdd gldd  Nodal active and reactive power demand.

ptY Nodal PV generation.

u,u Lower and upper bounds on squared nodal
voltages.

Decision Variables:

ptGCP’S Net active power exchanged at the grid con-
nection point (GCP) for envelope s.
SCP’S' Pre-ramped net active power at the GCP for
envelope s.
Dyg.tr gt Active and reactive power outputs of generator
g for envelope s.
De Active power output of ESS e for envelope s

(positive for discharging).
el SoC of ESS e for envelope s.

Srf o Generator pre-ramp variable for envelope s.
ot ESS pre-ramp variable for envelope s.

es*, Pre-ramped SoC of ESS e for envelope s.

uf Nodal squared voltages for envelope s.

ui® Pre-ramped nodal squared voltages for enve-
o ~ lope s.

pyV%, q™® Nodal active and reactive power injections for
o envelope s.

p, Pre-ramped nodal active power injections for

envelope s.

I. INTRODUCTION

The increasing penetration of renewable energy resources
has significantly heightened the need for operational flexibility
in modern power systems to reliably balance variability and
uncertainty. This stochastic nature often leads to frequency
instability and acute shortages in short-term balancing, fre-
quently triggering price spikes in real-time markets [1]]. In
response, system operators such as California Independent
System Operator (CAISO), Midcontinent Independent Sys-
tem Operator (MISO), and Southwest Power Pool (SPP)
have established and operated markets for Flexible Ramping
Products (FRPs) [2]]. Within the FRP market framework,
generation resources are compensated for providing upward
and downward ramping capability, enabling them to strategi-
cally offer flexibility in exchange for additional revenue. This
market-based mechanism incentivizes active participation by
generators while ensuring that sufficient ramping capability
is available to maintain system reliability under real-time
operational uncertainty.

While large-scale generators have traditionally provided
these services, there is growing interest in leveraging distribu-



TABLE I: Comparison of Existing Studies on Flexibility Aggregation

Reference Objective Grid Model Explicit Pre- Disaggregation = Remarks
Ramp' ramp

Wen et al. [5] Exact derivation of tem- Linearized AC / X X Guaranteed Exact but relies on a complex pro-
porally coupled aggregate  shift-factor model jection framework that is hard to
flexibility extend for additional constraints.

Chen et al. [6] Maximization of inner-box  Linearized X X Guaranteed Inner-box construction ensures
flexibility multiphase disaggregation.

Oztiirk et al. [7] Constructing an efficient  None X X Guaranteed Constructs a scalable inner ap-
inner approximation of the proximation of storage flexibility
Minkowski sum using a vertex-based method.

Wen et al. [8] Flexibility cost/value quan-  LinDistFlow X X Guaranteed Uses inner-approximated flexibil-
tification for TSO-DSO ity to derive time-coupled cost
coordination models and marginal prices.

Huang et al. [16] Minimization of infeasibil- ~ Linearized v X Not addressed Initializes a flexibility region and
ity via boundary shrinkage =~ AC/DC model iteratively shrinks it by removing

infeasible trajectories.

Ramping-aware Maximization of inner-box  LinDistFlow v X Guaranteed Time-coupled envelope under

baseline model flexibility DER and grid constraints; no

(Section i pre-ramping.

Pre-ramped Maximization of inner-box  LinDistFlow v v Guaranteed Pre-ramping enlarges the feasible

enhanced model
(Section [TTI)

flexibility

envelope while preserving DER
and grid constraints.

T “Explicit ramp” denotes direct limits on power change rates (as in generator ramping). DER models with only state-dependent time coupling (e.g., ESS

SoC) are state-coupled rather than explicitly ramp-limited.

tion systems as additional sources of flexibility. Distribution
systems, once passive, are now emerging as vital flexibility
providers due to the proliferation of distributed energy re-
sources (DERs). This growing interest has spurred research
into aggregation-based models that represent the collective
capability of these diverse assets. Specifically, recent studies
by [3], [4] demonstrate that active distribution networks can
yield substantial flexibility for the upstream grid. By coordi-
nating and aggregating heterogeneous DERs, including energy
storage systems (ESS), electric vehicles (EV), and flexible
loads, these networks act as aggregated virtual power plants
that support the broader system’s operational needs.

From a mathematical perspective, power aggregation can
be viewed as a projection of high-dimensional, device-level
operational constraints onto a low-dimensional feasible region
of net substation power injections. This projection charac-
terizes the aggregate flexibility that a distribution system
can reliably offer to the transmission grid [S]. However, as
noted by [6]], [7]], explicitly computing this feasible region is
computationally intractable at scale due to the large number of
heterogeneous DERs, temporal coupling across time periods,
and network security constraints.

To address this challenge, several recent studies focus on
constructing conservative inner approximations of the aggre-
gate feasible region [[6]—[10]. Such approximations provide
disaggregation guarantees, ensuring that any aggregate power
trajectory within the approximated region can be reliably
mapped back to a feasible dispatch of individual DERs. For
clarity, we call an aggregate trajectory disaggregable if any
power setpoint within the computed flexibility region can be
disaggregated while satisfying all underlying DER-level and
network-feasibility constraints over the horizon.

Representative studies include the work by Chen et al. [|6],
that introduces an inner-approximation framework for ag-
gregating multi-period flexibility in unbalanced distribution
systems with disaggregation guarantees. This work is later

extended in [9] using a two-stage adaptive robust optimization
framework to provide stronger feasibility guarantees with
reduced conservativeness. Building on this line of work on in-
ner approximations, [[L0] proposes linear programming—based
methods to compute inner approximations of the Minkowski
sum of EV flexibility sets, while [11]] further integrates aggre-
gation with cost-minimization frameworks for non-industrial
air-conditioning systems and EVs. As summarized in Ta-
ble [l existing literature primarily focuses on state-coupled
constraints but does not explicitly account for ramp-rate limits,
making them difficult to apply to ramp-limited resources.

Meanwhile, a growing number of generation and load-side
resources are being integrated into power systems, driven by
the expansion of data centers, artificial intelligence workloads,
and other electricity-intensive applications [12], [13]]. Several
of these resources, including smaller-scale or distributed de-
ployments of fuel cells, combined heat and power (CHP) units
[14]], and small modular reactors (SMRs) [[15]], exhibit inherent
ramp-rate limitations. Therefore, there is need of aggregation
schemes, where the ramp-limits are explicitly accounted.

To address this gap, we first develop a ramping-aware flex-
ibility aggregation framework that explicitly integrates ramp-
rate constraints into the inner-box approximation. While this
ensures disaggregation guarantees for ramp-limited resources,
the integration of ramping constraints leads to an overly
conservative flexibility envelope, as the feasible power range at
each interval is constrained by the previous state. To overcome
this conservativeness, we propose an enhanced formulation
that introduces new decision variables, referred to as “pre-
ramping” decisions at interval ¢ — 1, which proactively reposi-
tion resource operating points to expand the feasible power
range available at interval t. This approach helps partially
decouple the current flexibility setpoint from the previous
interval. The pre-ramping variables are optimized to enable
delivering maximum ramping capability when required. As
summarized in Table [[ this mechanism effectively enlarges



the aggregate flexibility envelope while strictly preserving
disaggregation guarantees and grid feasibility.

To the best of our knowledge, this is the first grid-
aware aggregation framework that account for explicit ramping
constraints with provable disaggregation guarantees. While
existing work in Huang et al. [[16] address ramping through
iterative boundary-shrinkage, they do not guarantee disaggre-
gation. Moreover, the proposed pre-ramping scheme enhances
the flexibility region compared to the baseline model. This
performance gain is quantitatively validated in Section

The main contributions of this paper are listed below.

1) We propose a flexibility aggregation framework that ex-
plicitly accounts for ramp-rate constraints of resources
and guarantees the existence of a feasible unit-level
disaggregation for any aggregate trajectory within the
constructed envelope. It is referred to as the Ramping-
aware baseline model.

2) We introduce pre-ramping decisions that reposition re-
source operating points in advance to enlarge the aggre-
gate flexibility envelope, while preserving disaggregation
guarantees and network feasibility. It is referred to as the
Pre-ramped enhanced model.

3) We apply the proposed aggregation framework to a FRP
market setting and quantitatively evaluate its effectiveness
in enhancing practically deliverable flexibility.

The paper is organized as follows: Section [[I] presents the
baseline flexibility envelope formulation without pre-ramping.
Section [MI] introduces the proposed pre-ramped flexibility
envelope model and details its mathematical formulation.
Section provides numerical case studies to validate the
effectiveness of the proposed framework. Finally, Section [V]
concludes the paper and discusses key findings.

II. RAMPING-AWARE FLEXIBILITY AGGREGATION:
BASELINE MODEL

We consider a power distribution system with multiple
distributed generators (DGs) and ESSs. The objective is to
aggregate the combined flexibility from DGs and ESSs at
the grid connection point (GCP), i.e., at the transmission—
distribution interconnection. We next present an aggregation
model that takes ramping constraints into account. It is referred
to as baseline model and described below.

The baseline model constructs an inner-box approximation
of the aggregate flexibility at the GCP. The model explic-
itly accounts for resource-level operational constraints and
distribution-network constraints, while ensuring temporal fea-
sibility through ramping and time-coupled constraints. Specif-
ically, aggregate flexibility is represented by a pair of upper
and lower feasible power trajectories at the GCP over the con-
sidered time horizon. These trajectories define a time-coupled
flexibility envelope such that any aggregate power trajectory
lying between them is disaggregable into a feasible dispatch
of individual resources. The proposed formulation aims to
determine the largest possible envelope by jointly optimizing
the upper and lower trajectories subject to resource-level
operating limits, inter-temporal ramping constraints, energy-
coupling constraints, and distribution-network feasibility.

A. Optimization Problem

We next present the objective function as well as resource
and network constraints.

1) Objective Function: The objective maximizes the ag-
gregate flexibility area at the GCP over the considered time
horizon. This is achieved by maximizing the difference be-
tween the upper and lower feasible power trajectories. Using
the symbols from the nomenclature, it is

maxz (p?cp’A — ptGCP’V) - At. (1)
t

2) Resources Constraints: The resource constraints define
feasible upper and lower operating trajectories for generators
and ESSs. Generator power outputs are constrained within
their operating limits for both the upper and lower envelope
trajectories. These constraints are enforced as follows:

P;nin S p;t S ]3;1&;\)(7 VQ c g7 t e T, CES {/\7\/}7 (23.)
Q"< g <Qp™, Vgeg. teT, se{AV), (@2b)
p;\7t > p;/’t7 Ygeg, teT. (2¢)

As discussed earlier, we consider generator ramping con-
straints between the subsequent time periods are defined as:

P —1pie 1 <Rl VgegG t>2se{AV}, (3a)
Pii1—p <R Vgeg, t>2se{AV}, (3b)
Ppi—pyi1 <R, Vgeg, t>2, (30)
Por 1 —Pps <RY Vgeg, t>2, (3d)
Por—Dpi 1 SR, Vgeg, t>2, (e)
Ppi1—pg <Rh Vgeg, t>2 (3f)

These ramp constraints are expressed for worst-case cross
transitions, i.e., from lower to upper envelopes and vice-versa,
as well as for upper and lower envelopes. These constraints
ensure that transitions between the upper and lower envelopes
remain achievable under finite ramp-rate limits. Specifically,
the cross-corner constraints in (3)) capture the most restrictive
transitions, such as moving from the lower bound at ¢ — 1
to the upper bound at ¢. By bounding these worst-case power
changes, the formulation guarantees that any interior trajectory
can be disaggregated into a feasible resource-level schedule.

Similarly, we include constraints on ESS power outputs:

_pmax < p:,t < PR Yee &, teT, se {/\,\/}, (4a)
Poy > P Vec & teT. (4b)

Then, the state-of-charge (SoC) dynamics and the con-
straints on the SoC are expressed as

€ot =HKe €y 1 —Deyq-At, Ve€ &, t>2 s€{AV},

(4¢)
. til

eé\’t > Elemt _ Atzp;/,‘ﬂ Ve € 5775 > 2, (4d)
T=1
t—1

e(\;t S Elemt — At Zpé\v"—’ Ve € 57t Z 2; (46)
T=1

EP® <el, <EM, Veef teT, se{nV}
(4f)



In @), ke denotes the storage efficiency factor that models
energy loss over time. We assume ideal charging and dis-
charging efﬁciencyﬂ ie., ke = 1, as in [6], [9], to simplify
the disaggregation analysis. Constraints (4d) and ensure
that, even if the ESS follows the most energy-accumulating
(for eQ’t) or energy-depleting (for eZ’t) trajectory up to time {,
the SoC remains within energy limits determined by its initial
energy state. Equation (#f) ensures that the SoC stays within
its admissible energy limits.

Finally, the initial conditions for the upper and lower
trajectories are given by:

Pho =Pyo = P, Vg €G, (52)
et =elo=EM, Ve € &, (5b)
Pio =g =0, Ve € €. (5¢)

3) Network Constraints: We model the network constraints
using the linearized DistFlow model (LinDistFlow) [[18].

Let B € RWVIXIZ] denote the node—branch incidence matrix,
r, T E RI£I collect line resistances and reactances, and define
R := diag(r), X := diag(x). Let A be the network incidence
matrix and define matrices Hp = A7'RA™T and Hg =
A"1X AT, Then, the voltage magnitudes are given as

u =1+ Hpp* + Hyq™*, teT, se{nV} (6a)
u < uj <7, teT, se{AV}. (6b)

Constraint (6b) enforces lower and upper bounds on the
squared nodal voltages, ensuring that voltage magnitudes
remain within their admissible limits for all time periods and
for both the upper and lower flexibility envelope trajectories.

The power injections and branch flows for all ¢ € 7 and
s € {A,V} are given as

RS R TR AR (7a)
@ = q, — 4™ (7b)
BP; =p,"", (70)
BQ; =g (7d)

where pg , and pg, define the generator and ESS injection
vectors for each trajectory s and time ¢. The terms py , and
PZgare givenas Yo i, Py and Do e g, Pe ¢ Tespectively,
where G(n) and FE(n) denote the sets of generators and ESS
units located at node n. Here, branch power-flows are denoted
by P; and Qj, and B is matrix relating the injections to
the branch flows. Constraints (7a)-(7b) define these nodal
injections as the aggregation of generator and ESS outputs
at each node minus the exogenous nodal load, thereby linking
resource-level decisions to the network power-flow model.
Finally, at the GCP, the following constraints are imposed:

Vte T, Vs e {A V}, (8a)
VteT. (8b)

inj,s
pt )

GCP,A > GCP,Vv
yz Z Dyt )

tGCP,s _ 1T

Constraint (8a) defines the net active power exchanged at
the GCP as the aggregation of nodal active-power injections,

IThe losses can be taken into account by adding an equivalent resistance
in series with the ideal ESS as implemented in [[17]], which can be embedded
in the LinDistFlow model.

where 1 is a vector of ones. Constraint (8bB) enforces the
ordering between the upper and lower aggregate trajectories,
ensuring a valid flexibility envelope.

4) Final formulation: The optimization problem in (T)—(8)
is linear and can be written in the following standard form.

max ¢ x (9a)
subject to: Ax < b (9b)
Cx < d, (9¢)

where ¢, b, d, and A, C are appropriate vectors and
matrices. The variable x contains all the variables, i.e.,

[pgs],tv q;,t, Pi,t,ei,u u(i,nW, s € {A\, V}].

B. Conservativeness of Ramping-aware Formulation

As will be demonstrated via the numerical validations in
Section the above formulation with ramping constraints
results in a substantially smaller flexibility region than ones
without. This is due to the worst-case transitions from upper
to lower envelopes and vice-verse as included in constraints
(B)-@B. To tackle this issue, we next propose a new model.

III. RAMPING-AWARE ENHANCED FLEXIBILITY
AGGREGATION MODEL USING PRE-RAMPING STRATEGY

In order to address the conservativeness identified in the
baseline formulation, we extend the model in Section |H| by
introducing pre-ramping variables that enable resources to pre-
set their outputs, thereby expanding the available ramping
flexibility in subsequent time intervals.

The conceptual example shown in Figure [I] illustrates the
impact of pre-ramping on upward flexibility. In the first
scenario (left panel), no pre-ramping is applied. The generator
can increase its output only up to its ramp-rate limit, while the
ESS can contribute at most its available discharge capacity. As
a result, the total output at time £+1 is limited to p, +R"+p,.

In the second scenario (right panel), pre-ramping is enabled.
By pre-increasing the generator output and simultaneously pre-
decreasing the ESS output at time ¢, the system maintains the
same net output at the GCP. This re-positioning allows both
units to fully exploit their upward ramping capability in the
next interval, leading to a higher achievable aggregate output
at time ¢t + 1, i.e., py + Rt + Pe + pP*¢, where the additional
term pP™® captures the additional ramp-up capability provided
by pre-ramping.

Without Pre-ramping With Pre-ramping

Il Generator Il Generator pre 1 gt
eSS CJESS Pt +
- py+ R -~
E a Dy + pPre
= =
o Do 3
5 =
H g
o
& o Pe
,pPIC
t t+1 t t+1

Fig. 1: Comparison of upward flexibility with and without pre-
ramping. As shown, the upward flexibility increases from p,+ R +p.
to pg + RT + pe + pP™, where pP™® captures the additional ramp-up
capability provided by pre-ramping.



We next formally describe the enhanced model with pre-
ramping variables. These variables are defined separately for
generators and ESSs, and for the upper (A) and lower (V)
flexibility envelopes, as summarized in Table [l All pre-
ramping variables are defined as non-negative, with their
physical interpretations enforced through the constraints.

TABLE II: Interpretation of pre-ramping variables

Direction Resource  Pre-Ramping Action Variable
Upward Generator  Increase output p%;: z
ESS Decrease output (charge more) Pe.t
pre, A\
Downward Generator ~ Decrease output ' pqr’e .
ESS Increase output (discharge more) pg A

Note: Each pre-ramping variable is associated with the envelope
opposite to the direction of ramping. That is, ramp-up flexibility is
prepared along the lower envelope (V), and ramp-down flexibility
along the upper envelope (N).

A. Modified Constraints

We define pre- ramped variables for generators and ESSs as
_ pre,V _ pre, A\ V,e v

pgt pgt+p Pyt = Py — Py and plt = pYy —
pgfi , pe S =pl, +pby". The modified constraint are same
as . 31) but the generator and ESS variables are replaced
by pre-ramped variables. For generators, ramping feasibility is
enforced by bounding all corner-to-corner transitions between
the pre-ramped operating points at time ¢t—1 and the envelope
bounds at time ¢, which results in a set of eight linear ramping
constraints; the complete set is reported in Appendix |B} For
ESS units, no ramp-rate limits are imposed; the baseline
power and energy constraints retain the same structure and
are evaluated using the pre-ramped variables.

B. Additional Constraints to Ensure Feasibility and Coordi-
nation

To ensure that the pre-ramped operating points remain
physically realizable and compatible with both resource and
network limits, additional feasibility and consistency con-
straints are introduced. These constraints guarantee that all
upper and lower envelope trajectories, together with their
associated pre-ramping actions, remain within the operational
bounds of the generators, ESS units, and the distribution
network. Moreover, these constraints are formulated to ensure
that any trajectory contained within the resulting flexibility
envelopes is disaggregable into individual resource schedules,
as formally established in Appendix

Along with preventing excessive pre-ramping actions that
violate the energy boundaries of the ESS, the total pre-ramping
energy over time must also respect the initial SoC. Specifically,
the following constraints ensure that the cumulative upward
and downward pre-ramping energy does not exceed the re-
maining chargeable or dischargeable energy, respectively:

Z Py At < BN prin, Ve € €, (10a)

Z PV At < Emex gt Ve € €. (10b)

It is worth noting that p'y""" serves to support upward flexi-

bility by reducing the ESS output in advance. This effectively
increases charging, which is only possible if sufficient room
remains below the maximum energy capacity. Conversely,
pEy" increases ESS output (discharging) to support downward
flexibility, and is limited by the energy stored.

Pre-ramping is used to prepare future ramping capability
and should not alter the net power injected at the GCP. In
other words, from the perspective of the upstream grid, the
GCP power must remain the same before and after applying
the pre-ramp adjustments. This can be enforced by

p?cp A p?CP,Ao7 VteT, (11a)
Scp,v _ p?CP’V', vt e T. (11b)

Although the GCP invariance constraints (T1)) already imply
the coordination between generators and ESSs during pre-
ramping, we explicitly impose the following balancing con-
straints to clearly reflect the physical coordination mechanism
between resource types:

prre/\ prre/\, VieT, (12a)
geg ecf
SO =Y, VteT. (12b)
geg ec€

C. Final Formulation of the Pre-Ramped Model

The final formulation of the proposed pre-ramped flexibility
envelope model can be compactly expressed as follows. The
key idea is that flexibility at the GCP is evaluated with respect
to a baseline operating point, while pre-ramping actions are
introduced to expand the aggregate flexibility envelope. Impor-
tantly, pre-ramping actions are defined on top of the baseline
operating constraints rather than replacing them. Accordingly,
both the baseline constraints and the associated pre-ramping
constraints are jointly enforced to guarantee the feasibility of
the expanded flexibility region.

1) Final formulation: Similar to the baseline model, the
optimization problem with pre-ramping variables in (I)—(12)
is linear and can be written in the following standard form.

max ¢' x (13a)
subject to: Ax < b (13b)
Cx=d (13c)

A®x* <Db* (13d)

C*x* =d* (13e)

(13f)

where c®, b®, d®* and A°®, C*® are appropriate vectors and
matrices. The variable x® contains all the variables, i.e.,
pre,s _pre,s e .

[ ,® s, [ )

pgtvqgtapet7pgt 7pet ’ etv etavt s € {/\ \/}]

The baseline model can be interpreted as a special case
of (I3) by setting all pre-ramping variables to zero and
removing the corresponding coordination constraints. It can be
also observed that the optimization model in (13) is a linear
program (LP) and can be solved efficiently by any LP solver.



IV. NUMERICAL VALIDATION
A. System Description and Simulation Setup

The proposed method is evaluated on the IEEE 33-bus
radial distribution system (case33bw). We modify the system
to include a ramp-constrained conventional generator, multiple
ESSs, PV units, and time-varying loads. The detailed configu-
rations and parameters of this system are provided in [[18]. The
conventional generator is located at bus 5, while ESS units are
installed at buses 10, 13, 14, and 24; PV units and loads are
assumed to be distributed across multiple buses in the system.

The test system is modeled with a base power of 10 MVA
and a base voltage of 12.66 kV. To maintain power quality,
node voltage magnitudes are strictly limited to the range of
[0.95,1.05] p.u. The dispatchable resources are characterized
by a maximum capacity of 215 kW, a minimum of 80 kW, and
a ramp-rate limit of 100 kW/h [14]. ESS units are assumed
to have a power rating of 12.5 kW and an energy capacity
of 50 kWh, with the initial state of charge set to 50% of
the rated capacity. Time-series profiles for PV generation and
nodal loads are adopted from the smart grid test setup in [4].

Three case studies are considered.

o Case I presents results on aggregate flexibility envelopes
via area maximization.

o Case II presents cost-optimal flexibility envelopes con-
sidering ramping products through net operational cost
minimization under FRP markets.

o Case III presents a robust formulation accounting for
uncertainty of PV and load forecasts.

For the economic evaluation in Case II, we consider
hourly energy prices based on 2024 average CAISO locational
marginal prices (LMPs), which ranges from $5.8/MWh to
$66.7/MWh, with an average of $32.4/MWh [19]]. Reserve
capacity prices are set to $20/MW for both upward and
downward reserves, while compensation for providing FRPs
is set to $5.44/MW [20], [21]. The marginal generation cost
of dispatchable units is assumed to be $14.5/MWh [14].

The simulation horizon spans 24 hours with an hourly
resolution, but the proposed formulation is not tied to a specific
dispatch interval. Under tighter real-time operational windows
(e.g., 5 or 15 minutes), ramp-rate constraints become increas-
ingly binding, which can substantially limit the deployable
flexibility of ramp-constrained distributed energy resources.

B. Case I: Aggregate Flexibility Envelopes via Area Maxi-
mization

We examine the effectiveness of the proposed ramping-
aware formulations in terms of feasibility with ramp con-
straints and in area within the aggregate flexibility envelopes.
The optimized aggregated lower and upper envelopes are
shown in Figure [2| for the model without ramping constraint
(i.e., without eq. @), the ramping-aware baseline model, and
the enhanced model with pre-ramping decisions.

Figures [2(a)-(c) show optimized upper and lower envelopes
in solid and dashed blue. The trajectories in between the upper
and lower envelopes are also included to show whether they
can be disaggregated or not. The disaggregation feasibility
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(c) Enhanced model with pre-ramping decisions.

Fig. 2: Comparison of disaggregation feasibility for various GCP flex-
ibility envelope models. Positive values represent power export from
the distribution system to the upstream grid. (a) envelope neglecting
ramp-rate constraints where red trajectories indicate infeasible disag-
gregation, (b) the baseline model considering ramping limits, and (c)
the proposed enhanced model with pre-ramping decisions.

of the constructed envelopes is verified through Monte Carlo
simulations following the methodology established in [6].
Specifically, 1,000 vertex trajectories and 4,000 randomly
sampled trajectories within the envelope are tested for each
case. The trajectories in Figure 2] correspond to a representative
subset of these Monte Carlo samples, selected solely for
clarity of visualization. As shown in Figure [2a] when ramping
constraints are neglected, several sampled trajectories inside
the aggregate GCP envelopes cannot be disaggregated into
feasible device-level schedules, as indicated by the infeasible
trajectories (shown in red). This occurs because inter-temporal
ramp-rate limits of dispatchable resources restrict the magni-
tude of feasible aggregate power changes between consecutive
time intervals, even if the aggregate power remains within the
envelope bounds. By explicitly accounting for these ramping
constraints, the ramping-aware baseline model in Figure [2b]
eliminates such infeasible trajectories, ensuring that all tested
trajectories within the envelope are deliverable. Moreover, the
enhanced model with pre-ramping decisions in Figure [2c| fur-
ther expands the aggregate flexibility envelope by strategically
re-positioning resources in advance, thereby enabling larger
feasible power variations at the GCP. Importantly, all tested
trajectories are found to be feasible, confirming that every
aggregate power trajectory within the proposed envelopes can
be disaggregated into device-level schedules.



TABLE III: Impact of ESS Capacity and Placement on Aggregate
Flexibility Envelope Area (per-unit ESS ratings; four total ESS units).

ESS Rating Envelope Area (kWh)

(kW / kWh)  w/o Ramping Baseline Pre-ramp
12.5 /50 3324.90 2490.96 2619.90 (+5.2%)
12.5 / 50% 3329.71 2500.00 2635.00 (+5.4%)
25/ 100 3391.52 2557.57 2786.52 (+9.0%)
37.5 17150 3457.62 2624.13 2952.62 (+12.5%)
62.5 /250 3589.58 2756.09 3284.58 (+19.2%)

T ESS units are relocated to buses 5-8, near the generator.

Table compares the aggregate flexibility envelope area
at the GCP under different ESS capacity and placement
scenarios. As shown in Table the flexibility gains enabled
by pre-ramping grow significantly as ESS capacity increases,
highlighting the key role of coordinated pre-ramping actions
between the generator and ESS units. By proactively adjusting
their operating points, the proposed formulation relaxes inter-
temporal ramping constraints and unlocks additional aggregate
flexibility. In contrast, the baseline formulation exhibits only
modest improvements with increasing ESS capacity, as ramp-
rate limits remain binding without pre-ramping.

The impact of resource placement is also examined. For the
same ESS capacity, placing storage units on buses closer to the
generator expands the flexibility envelope, as shown in the last
row of Table [[TI} This suggests that reduced electrical distances
between dispatchable units can mitigate network-induced lim-
itations and better facilitate the coordinated ramping required
for envelope enlargement.

C. Case II: Cost-Optimal Operation under FRP Markets

This case study investigates the economic implications of
the proposed pre-ramping formulation when the distribution
system participates in energy, reserve, and FRP markets. In
contrast to Case I, which focuses on maximizing the aggregate
flexibility envelope, this case also optimizes a reference (base)
trajectory at the GCP, representing the scheduled operating
point of the distribution system.

Accordingly, three aggregate power trajectories are opti-
mized simultaneously: an upper trajectory pGCP’A, a lower
trajectory ptG CP.V and a base trajectory p? 6P’_. The base
trajectory is constrained to lie within the flexibility envelope,

GCP,v VteT, (14)

GCP,— GCP,A
Dt < p; < p; )

ensuring that both upward and downward flexibility are deliv-
erable relative to the scheduled dispatch.

Based on these trajectories, the available upward and down-
ward reserve capacities are defined as

GCP,—

cap,T GCP,A GCP,— cap,, __
R — Dy , Ry =Dt

GCP,v

t =D — D :
15)
In addition, FRP quantities capture the deliverable ramping

capability between consecutive time periods:

Rfrp,T GCP,A

_ GCP,Vv
t =DPtt1 by .

— P41
(16)

These definitions, applied for all ¢ € 7T, ensure that reserve and
ramping services are consistent with inter-temporal ramp-rate
constraints.

GCP,— frp,l _  GCP,—
) Rt - pt

The objective function minimizes the net operating cost of
the distribution system over the scheduling horizon:

min Z (Cfnergy _ R;eserve o RERP) . (17)
t

Here, C;"® corresponds to the operating cost of the base
trajectory and includes the energy procurement or export cost
at the grid connection point, valued at energy prices, together
with the generation cost of dispatchable generators.

The revenue terms consist of compensation for reserve
capacity and flexible ramping services. In particular, R;*™"¢
is determined by applying the reserve capacity price to the
available upward and downward reserve margins, while RERP
is computed by valuing the deliverable ramping capacities
using the FRP price defined in the market setup. This formu-
lation directly links the economic incentives to the deliverable
flexibility characterized by the aggregate power trajectories.

All resource-level operating constraints, ramping limits, and
distribution-network constraints remain consistent with the
flexibility envelope formulation in Section [l and Section
By jointly optimizing the base dispatch and the flexibility
envelope, the proposed model enables the distribution system
to economically schedule its resources while simultaneously
maximizing the value of reserve and ramping services.
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Fig. 3: Aggregate power trajectories at the GCP in Case II. The black
line denotes the base (reference) dispatch.

Figure (3| shows the results for the cost-optimal operation
under FRP markets. It shows the aggregated lower and upper
envelopes along with the GCP base trajectory. Observe that
the base (reference) trajectory is contained between the upper
and lower envelopes. Figure ] shows the generator output
trajectories corresponding to the aggregate GCP trajectories.
With pre-ramping enabled (Figure f{b)), the relaxed ramping
constraints are clearly reflected in a larger separation between
the upper and lower envelopes. Under the baseline formulation
(Figure [{a)), the separation remains fixed at 100 kW across
all time periods due to binding ramp-rate constraints. The
generator’s base trajectory exhibits similar patterns in both
cases and always satisfies physical ramping limits. The base
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Fig. 4: Generator output trajectories in Case II corresponding to the
aggregate trajectories at the GCP. The black line denotes the base
(reference) dispatch.

TABLE IV: Economic Results: Comparison of Baseline and Pre-ramp
Cases (per-unit ESS ratings; four ESS units in total)

ESS Rating Case cenergy Rres+rp Objective
(kW /kWh) (C)] (6] (C)]
12.5/50 Baseline 42.52 63.60 -21.08
Pre-ramp 41.23 64.36 -23.14

Diff -1.29 +0.76 -2.06

37.5 /150 Baseline 9.44 67.37 -57.94
Pre-ramp 8.19 68.26 -60.07

Diff. -1.25 +0.89 -2.14

62.5 /250 Baseline -20.87 70.02 -90.89
Pre-ramp -22.09 70.91 -93.00

Diff. -1.22 +0.89 -2.11

125/ 500 Baseline -71.76 73.81 -145.57
Pre-ramp -71.01 83.63 -154.64

Diff. +0.75 +9.82 -9.07

trajectory is not necessarily confined within the generator-
level upper and lower bounds, as these bounds are auxiliary
constructs for defining the aggregate GCP flexibility envelope
rather than strict limits on the base dispatch.

The quantitative comparison of the costs are summarized in
Table A negative energy (C°"*'®Y) value represents exports.
Regardless of the installed ESS capacity, the introduction
of the proposed pre-ramping consistently improves economic
performance. Specifically, pre-ramping yields both higher rev-
enues from reserve and FRP provision and lower operating
costs. These gains arise from the expansion of the feasible
operating region, which enables the distribution system to
exploit flexibility more effectively without requiring additional
physical resources, thereby enhancing economic efficiency
through flexibility reallocation rather than capacity expansion.

Across all tested capacities, the pre-ramping strategy consis-
tently improves the objective value compared to the baseline.
For smaller ESS ratings, the improvement remains relatively
modest, as the storage is mainly used for energy cost reduction.
However, as the ESS capacity increases, the economic gain
grows significantly, driven by a sharp rise in reserve and
FRP revenues (R™*P), This shows that while pre-ramping is
effective even at small scales, its true value is realized in larger

systems where the additional capacity can be fully shifted from
energy arbitrage to providing high-value flexibility services.
Overall, the results show that the proposed pre-ramping for-
mulation enlarges the feasible flexibility region and improves
economic performance in energy, reserve, and FRP markets.

D. Case III: Robust Envelope under Forecast Errors

The above formulations assume that the PV and load
forecasts can be obtained with 100% certainty which is not re-
alistic. Thus, we next consider a robust version of the proposed
scheme accounting for uncertain PV and load injections. Due
to the linear model, robust constraints can efficiently added in
the previous formulation as described below.

To ensure the disaggregation of the flexibility envelope
under net-load forecast uncertainty, we incorporate a robust
optimization framework. Specifically, the nodal net-load real-
izations are modeled by box uncertainty bounds in both load
demand &% and PV generation £V:

Pt =P+ €0) - ()Y +&7Y), (18)
Joad

where p©* and ptV are the forecasted values. The uncertainty
terms reside within a box uncertainty set U;:

U, = {(e.elV) gt < &, 1€7V | <&y

The maximum anticipated deviations are defined as EtL =

alp®| and &Y = B|pFV|, where o and 3 represent the
forecast error percentages for load and PV, respectively.

Since the voltage model is affine, the uncertaint

>

(19)

impacts nodal voltages through the term —Hp(&F — ¢FY).
To account for worst-case voltage deviations within U4, the
robust counterpart of the nominal voltage constraints (6b) is:

&) up— He(& &7 } s u, 20a
(€f,€fv)eu,{ t p(& ¢ ) < (20a)

min  {ud — Hp(eF - PV}>u. 20b
(55,553")61,1,,{ t p(&; ¢t ) > u (20b)

By applying the analytical robust reformulation for box
uncertainty, the deterministic tightened margins are derived as
Au)" = |H p\(EtL + étpv). Consequently, the robust model
is obtained by replacing the nominal constraints (6b) and with
the following tightened versions:

u+ Auy™ <ui <u-— Auw)™,

u+ Au™ < ul® <u-— Au}™,

(21a)
21b)

forallt € T and s € {A, V}. This formulation ensures that the
flexibility envelope remains feasible even under simultaneous
worst-case fluctuations of load and renewable generation.

To investigate the impact of net-load forecast uncertainty
on aggregated flexibility, the proposed robust formulation is
evaluated under different forecast error levels. For simplicity,
identical error bounds are assumed for load and PV generation
(a = ), and varied from 0% to 10%. For each case, flexibility
envelopes are computed for both the baseline and pre-ramped
models using the robust voltage constraints.

2Reactive power uncertainty can be handled analogously using the sensi-
tivity matrix Hg.



Table [V] summarizes the resulting aggregate envelope areas
at the GCP. As the forecast error increases, the envelope
area gradually decreases, reflecting the proactive reservation
of voltage margins. Although pre-ramping consistently out-
performs the baseline, its relative improvement declines from
5.2% to 3.7% at o = 3 = 10%, as the tightened voltage limits
reduce the available dispatch range for pre-ramping actions.

TABLE V: Impact of Forecast Errors on Robust Flexibility Envelopes

Forecast Envelope Area (kWh) Voltage Extremes (pu)
Error (%) Baseline Pre-ramp max |V| min |V/|
0 2490.96 2619.90 1.0500 0.9500
3 2488.77 2610.41 1.0468 0.9511
5 2487.31 2601.31 1.0447 0.9518
10 2473.72 2564.41 1.0403 0.9533

From a feasibility perspective, all constructed envelopes
satisfy the voltage limits. Increasing uncertainty pushes the
nodal voltage extrema (max |V|, min |V|) further away from
the operational bounds (1.05 and 0.95 p.u.), reflecting in-
creasingly conservative robust margins. The robustness of the
envelopes is further validated via Monte Carlo simulations,
which confirm that randomly sampled aggregate trajectories
remain disaggregable and voltage-feasible.

Overall, these results highlight a trade-off between robust-
ness and flexibility: while uncertainty necessitates conservative
voltage margins that reduce the envelope size, the proposed
pre-ramping strategy consistently preserves additional deliver-
able flexibility under worst-case conditions.

V. CONCLUSIONS

This paper presented a ramping-aware flexibility aggrega-
tion framework for power distribution networks leveraging
distributed energy resources (DERs). Since ramp constraints
inherently reduce the available flexibility region, we intro-
duced a pre-ramping strategy to mitigate this limitation. The
proposed approach proactively coordinates ramp-constrained
resources (e.g., generators) with ramp-unconstrained resources
(e.g., energy storage systems), thereby expanding the flexibil-
ity region despite ramping limitations.

The framework was validated on the IEEE 33-bus bench-
mark network with multiple distributed generators and storage
units. Simulations show that the pre-ramping model signifi-
cantly enhances the flexibility region through proactive actions
of energy storage units. Additionally, a cost-optimal formula-
tion was developed to enable participation in multiple markets,
including energy, reserve capacity, and flexible ramping prod-
ucts. Comparative analysis shows that the pre-ramping model
yields higher economic benefits than the baseline approach.
Finally, the formulation was extended to incorporate uncer-
tainties in load and PV forecasts, confirming its robustness
and effectiveness under uncertain operating conditions.

APPENDIX A
PROOF OF DISAGGREGATION GUARANTEE FOR THE
BASELINE MODEL

Consider the baseline envelope solutions {pﬁ,t, p;t} and
{pg +» Do} that satisfy the baseline constraints in Section

including (2)-@). Let the corresponding GCP envelopes be
denoted by {po """, pFCrVY,
GCP,V

For any aggregate trajectory {ptG ©P-2% Such that p;

pf CPo < ptG “P2 forall t € T, define the auxiliary coefficient
At €[0,1] as
GCP,A _ _GCP,o0
y2 — Pt GCP,A > GCP,V
Ap = { pOCPA _ ,GOPV Dy Dy )
' t Pt
0, otherwise,
GC GC GC
Dy Po = )\tpt P,V + (]. — )‘t)pt P’A.
(A.1)

We construct a disaggregation by convex interpolation:

pZ,t = )‘tp;/,t +(1- /\t)pé\,t'

(A2)
By linearity of aggregation, (A-I)-(A2) and the definition of
GCP power in (8a) imply

pscp,o _ 1T(

Pg = /\tp;]/,t +(1- )\t)pf]\,t’

), Ve T. (A3)

P+ +p. — D
Moreover, since generator/ESS power limits are interval con-
straints, pg, and pg, remain feasible for all ¢ as convex
combinations of feasible endpoints.

Next, we verify ramp feasibility. For each g and ¢ > 2, the
baseline model imposes the cross-corner bounds (3), which
ensure that all four “corners” (p%, ,,p% ;) with a,b € {V,A}
satisfy the ramp limits. Since the ramp constraints define a
convex set in (pg¢—1,Dg.¢), any point within the rectangle
[Py 115Dy 1—1) X[y ¢, P} ] also satisfies the ramp limits. Since
(P§ +—1,P ;) lies in this rectangle by construction, the realized
trajectory {pj ,} satisfies the ramp-rate limits.

For ESS energy feasibility, define the realized SoC dynam-
ics €2 ) = E™" and €2, = €2, | — Atp?, , fort > 2:

t—1

L) S

T=1

Since py, < p2. < p., for all 7, (A.4) yields the sandwich
bound

(A4)

t—1 t—1
EM ALY pl. < ety < BN ALY plo (AS)
=1 T=1

The baseline energy-coupling constraints @d)-(@e) (and
bounds (@) ensure that the left-hand side of (A.3) is no
smaller than E™™ and the right-hand side is no larger than
Emax thys Bmin < eor < B

Therefore, for any aggregate trajectory inside the baseline
envelope, the construction (A.2)-(A4) produces a feasible
disaggregation that respects generator power/ramp constraints
and ESS power/SoC constraints, while exactly matching the
aggregate trajectory at the GCP.

Finally, the disaggregation guarantee directly extends to
LinDistFlow network constraints. Since nodal injections,
branch flows, and squared voltages are affine functions of
device-level injections under LinDistFlow, and voltage limits
define a convex (feasible) set, any convex interpolation of two
feasible envelope solutions at time ¢ remains feasible. Thus,
all interior aggregate trajectories preserve network feasibility.



APPENDIX B
PROOF OF DISAGGREGATION GUARANTEE FOR THE
PRE-RAMPED MODEL

Consider the pre-ramped envelope solutions {py,,py .},
{pls,pls} and the associated pre-ramping variables
{0, o0} and {py”, ply} obtained from Section m
These variables satisfy all pre-ramped feasibility constraints,
including (T0)—(T2). Let the corresponding GCP envelopes
be denoted by {p- """, pe PV}, By (TI), pre-ramping does
not change the net power at the GCP, i.e., ptGC = ptGCP’S'
forallt € T and s € {A,V}.

For any aggregate trajectory {ptG CP’O} such that ptGCP’V <
ptGCP’O < pSCP’A for all t € T, define \; € [0, 1] as in (A.T).

We construct a disaggregation by convex interpolation:

p;,t = )\tpg,t +(1- )\t)pg,m pg,t = )‘tp;/,t +(1- )‘t)pé\,ta
(B.1)
and similarly for the pre-ramped operating points,

Pyt = )‘tp;/,; +(1— At)P;\,L Doy 1= )\tpg,; +(1— )\t)Pﬁ,;'

(B.2)
By linearity of aggregation, (A.T)) and with (8a)) imply
p =1 (PG, + P+ ol ), VEET. (B3)

Moreover, since generator/ESS power limits are interval
constraints, py , and pg, remain feasible for all ¢ as convex
combinations of feasible endpoints. The same argument ap-
plies to pg% and pg® because the pre-ramped operating points
are also enforced to be feasible in the pre-ramped model.

Next, we verify generator ramp feasibility. In the pre-
ramped model, the physical transition from ¢ —1 to ¢ is
evaluated between the pre-ramped operating point at ¢t — 1
and the envelope dispatch at ¢, i.e., between (pg, 1,Pg.t)-
Ramping feasibility is enforced by bounding all corner-to-
corner transitions between {p,’" ,,p," 1} and {p), p},}.
which yields the following eight linear constraints:

pre,V

Py — Py +P0el) SRl VgegG, t>2, (Bda)
(P +00Y) —p) SR, Ygeg, t>2, (BAb)
Pl — (phy —0%) <RI, VYgeg,t>2, (Bdo)
(phiy —0S7) =y SR, Ygeg, t>2, (BAd)
Py — (Wl — ) <RI, VgeG, t>2 (Bde)
Pl — (Y +00YY) < RN, Vgeg, t>2, (B4D
(Phe1 —Phsl1) —Ppy < RS, Vgeg, t>2, (Bag
(P +005Y) =y SR, Ygeg, t>2. (BAh)

Since these inequalities bound the ramp for all four corner
pairs, the feasible set in (p§, 1,pg.) is convex. Hence, the
pair (p%_1,p) ;) also satisfies the generator ramp-rate limits.

For ESS units, the energy-feasibility argument follows the
same structure as in Appendix [Al The only difference is that,
in the pre-ramped model, the SoC dynamics are driven by
the pre-ramped net power p¢ ;. Since the pre-ramped endpoint
SoC trajectories corresponding to {Ve, Ae} are enforced to
be feasible by the ESS energy and budget constraints, the
same sandwich argument applies. Network feasibility under
LinDistFlow is preserved by convex interpolation and there-
fore follows directly from Appendix [A]
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